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Abstract 
Iliev, V.V., A note on the polynomial functors corresponding to the monomial representations 
of the symmetric group. Journal of Pure and Applied Algebra 87 (1993) l-4. 
It is shown that the induced monomial representations of the symmetric group correspond to 
the semi-symmetric powers via Schur-Macdonald’s equivalence. 
1. Introduction 
Every mathematician knows at least the two archetypical examples from the 
famous Schur theory of ‘invariant matrices’ (cf. [3]): The exterior power AP(-) 
‘corresponds’ to the signature of the symmetric group S, and the symmetric power 
SP(-) ‘corresponds’ to the unit character of S,. In [2] Macdonald develops Schur 
theory in a more general context. One of the main results there [2, Theorem 6.51 
can be specialized as follows. Let Q be the field of rational numbers. Let K be a 
commutative Q-algebra with identity element and let P, be the category of 
finitely-generated projective K-modules. Let E be a K-module in P,, and let 
TP(E) be its pth tensor power over K. 
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Theorem M. Each polynomial homogeneous degree-p functor F on P, is (up to 
isomorphism) of the form 
F(E) = V @zwp TP(E) > 
where V is a KS,-module, finitely generated and projective as a K-module, and the 
correspondence F+ V is an equivalence of the appropriate categories. Cl 
Remark. The original definition of polynomial functor (over K) is given in case K 
is a field of characteristic 0, but in [2] the entire exposition up to Theorem 6.5 
included holds under the weaker assumption that K is a commutative Q-algebra 
with identity element. In particular, Theorem M is true under this assumption. 
The signature and the unit character are the simplest examples of monomial 
KS,-modules, that is, representations of the symmetric group S, in a K-module 
with finite basis, whose matrices are monomial. More generally, if W 5 S, is a 
permutation group and if x : W+ K is a linear K-valued character on W, then K 
has a structure of right KW-module, defined by x. The induced monomial 
representation K? = K BK+, KS, is a monomial representation of the symmetric 
group S, and every monomial representation of S,] is a finite direct sum of induced 
monomial representations for appropriate W’s and ,y’s. An interesting question is 
to find a description of the polynomial functors which correspond to the mono- 
mial representations of the symmetric group S, via Schur-Macdonald’s equiva- 
lence from Theorem M. Clearly, we can restrict ourselves to the case of induced 
monomial representations which are defined by a permutation group W 5 S, and 
a linear K-valued character x on W. Following the analogy with the symmetric 
and exterior powers, we may expect that the semi-symmetric power [xl”(-), 
defined in [l], will correspond to K> . Theorem 2.2 below asserts this is indeed 
the case. 
2. The equivalence 
From now on K will be a commutative Q-algebra with identity element 1. Let 
W I S,, be a permutation group, and let x be a linear character of W with values 
in (the group of units of) K. Let E be a K-module. The group S, acts on the pth 
tensor power TP(E) by permuting the factors: U(X, E3. * . (8 xP) = X,-I(,) ‘8. . . 
@%4(p). Let U be the K-submodule of TP(E) generated by all differences 
,x-~((T)z - uz for z E TP(E) and v E W. Then 
[xIPE = TP(E)IU 
is the pth semi-symmetric power of weight x of E (cf. [l]). 
Monomial representations of S, 
Lemma 2.1. The semi-symmetric power [xl”(-) is a homogeneous polynomial 
functor of degree p on the category P, of finitely-generated projective K-modules. 
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Proof. Let E be a finitely-generated projective K-module, that is, there exists a 
diagram 
E&K”AE (2) 
with ~TTL = id,. Applying the functor TP(-) to (2) we obtain an analogous diagram 
with 
TP(,rr)TP(~) = idTPCEI 
and, moreover, the K-module TP(K”) has finite basis. Hence the K-module 
TP(E) is an object in P,. On the other hand, let a = IWI-’ zvEW x(u)(T, 
a E KW, be the Reynolds’ operator of weight x. The kernel of a (as a K-linear 
endomorphism of TP(E)) is U, and, moreover, a splits TP(E). Hence the 
semi-symmetric power [xIP(E) is a direct summand of TP(E) and the proof is 
done. 0 
The Q-algebra K has a natural structure of right KW-module given by 
cm = X-‘(a)~, where v E W, c E K. 
Theorem 2.2. Zf the polynomial functor F is a semi-symmetric power x”(-), then 
the corresponding V via Schur-Macdonald’s equivalence (1) is the induced 
monomial KS, -module K$ = K @)KW KS,. 
Proof. For V= K? we have 
V aKsp TP(E) = KG&+, KS, &sp TP(E) 2: K BKW TP(E) . (3) 
Further, there is a canonical K-linear epimorphism 
TP(E) = K & TP(E)L K BKW TP(E) (4) 
and the kernel of + is generated by all differences 
c(T~z-cc~(72=*-1((T)c~z-cc~z=c~(*-1((+)z-(Tz), 
where c E K, z E TP(E), u E W. Therefore, Ker 4 = K OK U 2: U, and from (3) 
and (4) we have 
VBKg TP(E) = TP(E)IU = [xIPE, 
the isomorphism being clearly functorial in E. 0 
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Theorem 2.2 implies the following corollary: 
Corollary 2.3. The category of monomial KS,-modules and the category of finite 
direct sums of semi-symmetric powers on P, are equivalent via Schur- 
Macdonald’s equivalence (1). 0 
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